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Abstract 



Let (M, g) be a noncompact complete Bach-flat manifold with pos- 
itive Yamabe constant. We prove that {M,g) is flat if {M,g) has zero 
scalar curvature and sufficiently small L2 bound of curvature tensor. 
When {M,g) has nonconstant scalar curvature, we prove that {M,g) 
is conformal to the flat space if (M, g) has sufliciently small L2 bound 
of curvature tensor and bound of scalar curvature. 

1 Introduction 

Let (M, g) be a noncompact complete Riemannian 4-manifold with scalar 
curvature R, Weyl curvature W, Ricci curvature Rij and curvature tensor 
Riem. A metric is Bach-fiat if it is a critical metric of the functional 



Jm 

Bach- fiat condition is equivalent to the vanishing of Bach tensor Bij, which 
is defined by 



(see [T]). Important examples of Bach manifolds are Einstein manifolds, self- 
dual (anti-self-dual) manifolds, conformally fiat manifolds and Kiiler surfaces 
with zero scalar curvature (see ^J). 
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Einstein metrics and Bach-flat metrics share many important properties. 
When the curvature of a given Einstein metric (M, g) is sufficiently close to 
that of the constant curvature space, in L21 sense, it is known that (M, g) is 
isometric to a quotient of the constant curvature space |3l HI O El . In this 
paper, we study this rigidity phenomena for noncompact complete Bach-flat 
manifolds. First, we study rigidity of metrics with positive Yamabe constant, 
zero scalar curvature and small L2 bound of curvature. Next we look for 
rigidity of nonconstant scalar curvature spaces with a conformal change of 
the given metric. 

There are known rigidity of Bach-flat metrics. For a compact Bach-flat 
manifold {M,g) with positive Yamabe constant, Chang, Ji and Yang [S] 
proved that there is only finite diffeomorphism class with an L2 bound of 
Weyl tensor, and (M, g) is conformal to the standard sphere if L2 norm of 
Weyl tensor is small enough. For a noncompact complete Bach-flat manifold 
(M, g) with positive Yamabe constant and zero scalar curvature, Tian and 
Viaclovsky [9] proved that (M, g) is almost locally Euclidean of order with 
L2 bounds of curvature, bounded first Betti number and the uniform volume 
growth for any geodesic ball. 

For rigidity of Bach-flat manifolds, we use an elliptic estimation on the 
Laplacian of curvature tensor. For this, we introduce the Yamabe constant 
on {M,g). Let {M,g) be a Riemannian manifold of dimension n > 3 with 
scalar curvature R. The Yamabe constant Q{M,g) is defined by 

Q{M,g)= inf ("-2)JmI I 9 9 



07^ 



(n-2)/n 



Q{M,g) is conformally invariant and any locally conformally flat manifold 
and manifolds with zero scalar curvature satisfy Q{M,g) > (see [TO]). 



2 Bach-flat metric with constant scalar cur- 
vature 

In this section, we study noncompact complete Bach-flat manifolds with 
nonnegative constant scalar curvature. First, we consider Bach-flat manifolds 
whose L2 curvature norm is small. By an elliptic estimation for the Laplacian 
of curvature tensor, we have: 
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Theorem 1 Let (M, g) be a noncompact complete Bach-flat Riemannian 4- 
manifold with zero scalar curvature and Q{M,g) > 0. Then there exists a 
small number cq such that if \Riem\'^ dVg < cq, then {M,g) is flat, i.e., 
Riem = 0, where Riem is curvature tensor. 

Proof. We need to prove that \Riem\ = 0. The Laplacian of curvature 
tensor is 

^Rijki = '^{Bijki — B-ijik — Biijk + B'ikji) + VjVfc-Rj7 — ViViRjk 

—VjVkRil + ^j^lRik + g^'^{RpjklRqi + RipklRqj)- (3) 

where Bijki = g^^'g'^^'RpiqjRrksi (see [H])- Multiplying Riju on ([3]), 

Rijkl^Rijkl 

= '^{Bijki — Bijik — Biljk + Bikji)Rijki + iyi^kRji — iRjk)Rijki 
+(— VjVfc-Rji + V jViRik)Rijki + g^'^{RpjkiRqi + RipkiRqj)Rijki- (4) 

To simplify notations, we will work in an orthonormal frame. By the Bianchi 
identity, 

"^^Rijkl = "^kRjl — "^iRjk- (5) 

For a smooth compact supported function (p and small e > 0, we integrate 
the second term in (jlj) 

/ (l)\ViVkRji - ViViRjk)Rijki dVg 

JM 

= — ^i4>'^iykRji — ^iRjk)Rijki + (f^^i^kRji — ^ iRjk)^ iRijki dVg 

Jm 

= - Vi4>^VtRtjklR^jkl + (|)^\ViRi,kl\^dVg (6) 
Jm 

> - [ -\V(P\^\R^,ki\^ + {l + e)ct>''\V.R.,ki\^dVg. (7) 
Jm e 

Using the same method, 

f{-V,VkRii + VjViRik)Rijki dVg 

M 

> - [ -\V(f>\'\Rijki\' + {l + e)(P^\VjR,,ki\'dVg. (8) 
Jm e 



The first and fourth terms in are contractions of cubic terms of curvature 
tensor which can be bounded by c\Riem\^ for a constant c. In this paper, we 
use c and c' to denote some positive constant, which can be varied. By the 
Kato inequahty, 

|Vi?iemP > iVl-RzemlP 



and 



- / (f)'^\Riem\A\Riem\dVg (9) 
Jm 

= - I (f^ (iVffiemp - \V\Riem\\^ + Rijui^Rijui) dVg (10) 

J M 

< ^^2 Q|V0ni?,,fc,|2 + (l + e)02|v,i?,.,,|2^ + c\Riem\^'' dVg.{ll) 



For a general Riemannian n-manifold, the following hold: 

{n-3) f_ ^ _ ^ 1 _ ^ 1 , 



(n-2) 



(vkRji - ViRjk - ^^kRgji + ^^iRgji^j (12) 



and 



|VW,,HP = {\V^R^,H? - \\^R?) ■ (13) 

Let Eij be the traceless Ricci tensor, i.e Eij = Rij — ^Rgij. Multiplying (pEij 
on Bach-flat equation 1^ (cf. [121 (3. 24)]), 

= ^ (^VkVeW.Mj - ^WikjiEki^ dVg (14) 

= (^\6W\' - ^W^kjiEkiE,,^ - 2<pVk(pViWMjE,, dVg 



0^ 

M 



\SW\'' - UVikjfEk^Ei^ - 2(l)Vk<pViWiMjEi, dVg (15) 
> / il-e2)<P'\6W\'-l<P^WikjiEuE,,--\V(P\^\Ei^\'dVg, (16) 



where Wikjegki = is used in (IT^ . Therefore, 



b^lSWl^ <(1- 



M 



e2)-' [ l<j)'W,kjiEkiE,^ + -\VcP\^\E,,\UVg (17) 



and 



'\Riem\A\Riem\ dVg 



M 



+i(l + e)02|Vi?|2 



+ 



1-62 



1 - e2)e2 



(18) 



Note that second term in f[T8|) is also cubic term of curvature tensor. Now 
we can bound all cubic terms in the above equation by c\Riem\^ , and the 
first and third terms by c|V0p|-Rzemp for a suitable constant c. Next we 
use the fact that scalar curvature is zero. For simplicity of notations, we let 
u = \Riem\. Using the Yamabe constant Aq = Q{M,g), 



Ar 



bur dv„ 



M 



1/2 



< / \uV4> + (t)Vu\'dVg + ^Ru^(t)'^dV, 



M 



6 



(19) 



< 



< 



< 



M 



u^\V(l)\^ + \Vu\^(j? + 2m(/)V0 ■ Vm + ^Ru^cj)'^ dVg 



(c+ l)|V0|V + cuV dV^ 



M 



V? dV„ 



1/2 



(C+1)|V</)|V dVg 

/ r \i/2 

/ {<f^U)UVg) 

Since Jj^^ |i?iemp dVg is sufficiently small, there exists a constant c' such that 



+C 



(20) 



c ( / (H^rfv;)^/'< / |V0|Vc/y,, 



(21) 



Now we choose 6 as 



on Bt 

on M - B2t 
|V0| < f on S2t - Bt 



(22) 



with < (j) < 1 and Bf = {x E M\d{x, Xq) < t} for some fixed Xq G M. From 

m 

c'( [ dV,) < ^ f dVg 

\Jm J t JB(2t)~B(t) 

< ^4.. (23) 

By taking t — > 00, we have u = 0. Therefore (M, g) is fiat. 

Next we consider complete Bach-fiat metric with positive constant scalar 
curvature. Using an elliptic estimation for traceless Ricci tensor, we prove 

Theorem 2 Let (M, g) be a noncompact complete Riemannian A-manifold 
with nonnegative constant scalar curvature R, Weyl curvature W and trace- 
less Ricci curvature Eij. Assume that {M,g) is Bach-flat and Q{M,g) > 0. 
Then there exists a small number cq such that if Jj^ IW]"^ + \Eij\'^ dVg < Cq, 
then (M, g) is an Einstein manifold. 

There is no noncompact complete Einstein manifold of positive scalar 
curvature. By Theorem [21 we have an obstruction for the existence of a 
noncompact complete Bach-fiat manifold. 

Theorem 3 Let (M, g) be a noncompact complete Riemannian 4-manifold 
with positive constant scalar curvature R, Weyl curvature W and traceless 
Ricci curvature Eij. Assume that {M,g) is Bach-flat and Q{M,g) > 0. 
Then, there exists a positive number c\ such that /j^f + l-E'ijP'^^ ^ ci. 

Proof of Theorem [2l 

Let Eij be the traceless Ricci tensor and \E\ = \Eij\. Using Bianchi 
identity, Bach tensor can be expressed in the following way (cf. [TH| (1.18)]), 

Bij = ~AE,^ + ^V,V,R-^ARg,^-E'''W,k,i + E^E^k 

-^\E\'g,^ + ^RE,, (24) 

By the Kato inequality, |V-Ep > |V|-E|p and trE^ < -^1-^1^, there exists a 
positive constant c satisfying the following equation for a Bach-fiat metric 
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\E\A\E\ = \VE\'^ -\V\E\\^ -2E''^WikjiE'^ + 2tTE^ + ^R\E\^ (25) 

> -2E'''WikjiE'^ +2tTE'' + ^R\E\^ (26) 

> -c\W\\E\'-^\E\' + Ir\E\'. (27) 



Let u = \E\. Multiplying a smooth compact supported function to (j27j 
and integrating on M, 

[ (p^\Vu\^ + 2(j)uV(j)-VudVg< [ c\W\u^<p^ + ^u^<f)^ -^Ru'^^^dVg. 
Jm Jm v3 

Using the Yamabe constant, 

< [ \uV(l) + (j)V u\^dVg + lRu^^'^ 



M 



6 



< ! u^\Vct)\^ + c\W\u^(t)'' + ^u^'' --Ru^(i?dVg. (28) 
Jm V 3 6 



Note that the second term of (l28l) is bounded by 



\ 1/2 / r N 

M J \JM 



and the third term is bounded by 
2 

7! 



1/2 / ^ \ 1/2 

^ ( / 1 / u^dV„ 



M / \J M 



Assume that 

c \W\'dv)j ' + v?dV^ ' < Ao. (29) 

Then, three terms in the right hand side of ( l28l) can be absorbed in the left 
hand side. Therefore, there exists a constant c' > such that 

c' ( [ uYdVg) ' < [ u^\V(j)\^dVg (30) 



Now we choose 6 as 



1 on Bt 

on M - B2t (31) 

|V0| < f on B2t - Bt 



with 0<(h<l. From fl29D and f l30 



c 



1/2 4 



Af / J B{2t)-'B{t) 



a 



< A.. (32) 

By taking t — oo, we have w = 0. Therefore {M,g) is Einstein. 



3 Bach-flat metric with nonconstant scalar 
curvature 

In this section, we study noncompact complete Bach-flat metric with non- 
constant scalar curvature. We apply a result of the Yamabe problem on 
noncompact manifold to study rigidity. For a given manifold (M, g), we find 
a conformal metric g = u^/^^~'^^g whose scalar curvature is zero. This is 
equivalent to find a solution for the following partial differential equation 

- AgU + ^RgU = 0. (33) 

The following existence of a conformal metric with zero scalar curvature 
was proved by Kim [Ti] . 

Theorem 4 Let (M, g) be a noncompact complete Riemannian manifold of 
dimension n > 3 with scalar curvature R. Assume that Q{M,g) > and 
Jj^j. |i?pV("+2) _j_ |/^|"/2 (^y^ < Then, there exists a conformal metric g = 
^A/{n-2)g yjfiQgQ scalar curvature is zero. Moreover, u satisfies the following. ■ 

[ |V(m-1)P+ < oo (34) 
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and 



J^j |V(m - 1)|2 + |m - i|2n/(™-2) ^0 as 

J^j |i?|2-/(«+2) + \f>\n/2 ^y^ ^ g. (35) 

By Theorem m and an elliptic estimation for solutions of (1331) . new metric 
{M,g) in Theorem |4] is also complete (cf. [15, ch. 8]). By a standard elliptic 
estimation, C^'" norm of -u — 1 is bounded by L„/2 and L2n/{n+2) norm of 
R. Therefore, in dimension 4, if (M, g) has sufficiently small L2 bound of 
\Riem\ and L4/3 bound of R, there is a conformal metric g with zero scalar 
curvature and small L2 norm of \Riemg\ with respect to metric g. Applying 
Theorem [T] to new metric {M,g), we have: 

Theorem 5 Let (M, g) be a noncompact complete Bach-flat Riemannian 4- 
manifold with scalar curvature R and Q{M, g) > 0. Then there exists a small 
number Co such that if Jj^,^ \Riem\'^ + \R\^^^ dVg < cq, then {M,g) is conformal 
to a flat space. 

Remark 1 The constant co in TheoremUilMlB and ci in TheoremlE depend 
onQ{M,g). 
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